Complementary spaces for Fourier series were introduced by G. Goes and generalized by M. Tynnov. In this paper we investigate a notion of complementary space for double Fourier series of functions of bounded variation. Various applications are given. ᮊ
In his papers 12, 13 , G. Goes developed the theory of C -complementary spaces of Fourier coefficients, that is, the complementary spaces with w x respect to Cesaro method of summability. In 14 he used these results as à bridge between known theorems on summability factors for the Cesarò summability method C ␣ and effective sufficient conditions for the multipliw x ers of Fourier series. These results were extended by M. Tynnov 25, 26 in a way that C ␣ methods were substituted by general regular methods. A w x comprehensive exposition may be found in 4, Sect. 28 . This concept allows us to reduce summability and multiplier problems for Fourier series to summability problems for numerical series. All these results are concerned with the case of Fourier series of functions of one variable.
Many generalizations to double Fourier series were obtained by the first w x author. The paper 5 contains results on this topic and many references. However, some results concerning spaces of functions of bounded variation are still not extended to the multivariate case. First of all, this is connected with the appropriate choice of the notion ''of bounded varia-Ž w x. tion'' among those known see, e.g., 10 . For various problems different approaches to the notion of bounded variation proved to be helpful. Further, the fact that we are dealing with two or more variables has its own peculiarities, for instance, a type of convergence has to be chosen.
In this paper we are going to fill the mentioned gap. The results w x obtained may be considered as a supplement to the paper 5 . It is worth noting that two dimensions are taken only in order to avoid unnecessary cumbersomeness; all our results hold in arbitrary dimension as well. 
If a set of functions f is denoted by X we will denote bŷ
the set of the associated double Fourier series endowed with the norm
Let BV be the space of all functions of two variables of bounded Ž w x . variation on Q in the sense of Vitali cf. 9; 10; 20, p. 87 . This is defined as follows: a function f is said to be of bounded Vitali variation if for the additive set function It is well known that a function of bounded Vitali variation may not Ž w x. even be Lebesgue integrable see, e.g., 1 . Under the additional assumption of bounded variation in each variable we get a space of functions of Ž w x. bounded Hardy variation, written V see, e.g., 9, 10 . This space is widely used in generalizations of the theory of Fourier series. Actually, given g g BV we have the representation x . e.g, 10, Theorem 9 . We can choose the norm for some F g V. This space is endowed with the norm
is the ''Fourier series'' of a function of bounded variation, where 
Sufficiency. For an arbitrary measurable subset E ; Q denote
Ž . In view of 4 this double sequence is uniformly bounded as well as the sequence of variations of these functions. Therefore this double sequence Ž . is in the dual space of C [ C Q and is contained in the polar of a neighborhood of zero U in C
Since C is separable, the polar is sequentially compact in the weak*-topol-Ž ogy this is a corollary to the Banach᎐Alaoglu theorem for separable w x . spaces; see, e.g., 21 Ž . 
Fourier coefficients of g. Following Goes and Tynnov, the space of all double trigonometric series f T for which the double numerical series HH k l Q Ž w Taking into account formulas for Fourier coefficients see, e.g., 24, p.
x. 176 , the fact that we are dealing with even functions, and 2-periodicity Ž . of f, we obtain 7 .
Ž . THEOREM 4. If g V on Q, then the double Fourier series 1 of f is
-summable at the point s, t s x, y for e¨ery ␣, ␤ ) 0. . is the C means of the sequence 2 sin ms . Then 
Ž .
Proof of the Lemma. The first bound to be proved is obvious:
Since A ␣ are positive and decreasing, the following estimate is the k Ž w immediate consequence of Abel's transform see, e.g., 30, Chap. 1, Sect. 2, uniformly for 0 -s -since ␣ ) 0. Therefore, in view of g V and ␣ Ž . Ž w x . 0 s 0, we have see 9, p. 224; 17, pp. 608᎐616
The same estimates, in one variable, are used for A and A ; since by m 0 0 n the lemma as above
H Ѩ s 0 and we are done.
Theorem 4 holds with any summability method A being stronger than
, as, e.g., the multiple Abel method for the inclusion see, e.g., 28; x w x . 29, p. 40 ; for multiple power series methods, see, e.g., 6 .
5
< ␣, ␤ < The next theorem is of the ''converse'' type, that is, the C -summability of the double Fourier series is assumed, while something is concluded on the function itself. We consider the simplest case, namely, that of absolute convergence. Let us define a function , with ␣, ␤ ) 0, as Let E be the convergence method for double series, that is, E s C 0, 0 . By Ž . 
